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The two particle interferometry method to determine the size of the emitting source after a heavy ion 
collision is extended. Following the extension of the method to spherical expansion dynamics, here we 
extend the method to rotating systems. It is shown that rotation of a cylindrically symmetric system 
leads to modiﬁcations, which can be perceived as spatial asymmetry by the “azimuthal HBT” method.
We study an exact rotating and expanding solution of the ﬂuid dynamical model of heavy ion reactions. 
We consider a source that is azimuthally symmetric in space around the axis of rotation, and discuss the 
features of the resulting two particle correlation function. This shows the azimuthal asymmetry arising 
from the rotation. We show that this asymmetry leads to results similar to those given by spatially 
asymmetric sources.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Recently [1], by the experimental study of  and ¯ polar-
ization in Au + Au reactions in the energy range of √sNN =
7.7–39 GeV/nucl., signiﬁcant polarization of hyperons was de-
tected. Furthermore the  and ¯ polarizations pointed in the 
same direction that veriﬁed the mechanical, equipartition origin 
of the polarization in contrast to electromagnetic origin, which 
would have led to opposite polarizations for  and ¯. The 
data were subsequently analyzed quantitatively [2] for energies √
sNN = 7.7, 11.5, 14.5, 19.6, 27, 39, 62.4 GeV, and emission en-
ergy and azimuth averaged polarizations of 1–5% were obtained, 
with 1.1 − 3.6σ signiﬁcance. The polarization was pointing in the 
−y-direction, consistent with the angular momentum of periph-
eral collisions.
These measurements are in agreement with earlier hydro pre-
dictions of rotation [3] and turbulence [4], where vorticity and 
polarization were predicted [5,6] in the same direction, and the 
decrease of polarization with increasing energy was also observed 
and discussed in the calculations [5], as it was also observed in the 
recent, above mentioned experiments.
The experimental results indicate actually very strong rotation, 
because it is observed and signiﬁcant in azimuthally averaged data, 
* Corresponding author.
E-mail addresses: Sindre.Velle@uib.no (S. Velle), 
Sharareh.Mehrabi.Pari@gmail.com (S. Mehrabi Pari), Laszlo.Csernai@uib.no
(L.P. Csernai).http://dx.doi.org/10.1016/j.physletb.2016.04.039
0370-2693/© 2016 The Authors. Published by Elsevier B.V. This is an open access article
SCOAP3.while the theoretical predictions showed similarly high level of po-
larization only for high px-particles in the reaction plane. The ex-
perimental data indicate also that the rotation is stronger at lower 
beam energies. This can be the consequence of competition among 
rotation, expansion and temperature decrease, indicating that rota-
tion remains strongest at freeze out for lower energy collisions.
The other method to detect rotation is the study of two-particle 
correlations. Although there is nothing novel in the fact that col-
lective ﬂow, of any sort, inﬂuences the naively detected size of the 
source (as it was ﬁrst pointed out by S. Pratt for radial expan-
sion [7]), it was only pointed out recently how rotation effects the 
two-particle correlation results [8–10]. This was demonstrated in 
a full scale hydrodynamical model, PICR [8], as well as in a sim-
pliﬁed exact hydrodynamical model [10]. As these works preceded 
the experimental detection of rotation, the theoretical models were 
applied for higher energies [8] and the exact model was presented 
using these parameters with smaller ﬁnal angular velocities. The 
experiments now show that rotation at 
√
sNN = 7.7 GeV is more 
than 5 times stronger than at 
√
sNN = 62.4 GeV.
Here we point out an other important consequence of rotation, 
and for simplicity we use the exact hydrodynamic solutions for 
three dimensional, rotating and expanding cylindrically symmetric 
ﬁreball [11–14].
The created system in relativistic heavy-ion collisions is mi-
croscopic and short-lived, so only the momentum spectrum of 
the emitted particles can be measured directly. However, the 
space–time structure of the collision region can be studied using 
Hanbury-Brown–Twiss interferometry [9]. This technique uses two 
particle correlations to probe the space–time shape of the parti- under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Time dependence of characteristic parameters of the ﬂuid dynamical calculation 
presented in Ref. [12]. R is the average transverse radius, Y is the longitudinal 
length of the participant system, ϕ is the angle of the rotation of the interior region 
of the system, around the y-axis, measured from the horizontal, beam, z-direction 
in the reaction, [x, z], plane, R˙ and Y˙ are the speeds of expansion in transverse and 
















0. 4.000 0.300 0.150 2.500 0.250 0.000
3. 5.258 0.503 0.059 3.970 0.646 0.307
8. 8.049 0.591 0.016 7.629 0.779 0.467
cle emission zone. The size and particularly the shape of reaction 
zone become thus accessible, with the “azimuthal HBT” method 
[15–21].
In this work we show that the naive use of “azimuthal HBT” 
leads to misleading results in case of rotation, just as expansion 
effects the apparent radial size of the system [7]. We here cal-
culate two pion correlation function for a rotating and expanding 
QGP, formed in Pb + Pb collisions by using the exact hydro model 
[11,12], and we determine the effect of rotation on the correla-
tion function (CF) for detectors at different positions. Finally we ﬁt 
results by “azimuthal HBT” to extract the apparent size of the ro-
tating system in different directions, although the exact model has 
no azimuthal asymmetry at all!
2. Correlation function
We use a simple Exact Model [11] for expanding and rotating 
systems to demonstrate the sensitivity of the two particle corre-
lation method to diagnose rotation. Both polarization [22] and the 
two particle correlation [10] were already evaluated for this ex-
act model, with parametrizations adapted for very high energy √
sNN = 2.76 TeV, peripheral heavy ion collisions [12]. Thus here 
we only present the model and the calculation of two particle cor-
relations very brieﬂy as this is done already in [10].
We consider an azimuthally symmetric system around the ro-
tation axis, y, with Gaussian density proﬁles with characteristic 
radii, R and Y and constant temperature T = 200 MeV. The initial 
parameters are given in Table 1, for the very high energy collision, 
however, as recent experiments show at lower energies more than 
5 times larger angular velocity is relevant.
The source function, S(x, k), giving the emission rate in the 
phase space, x, k, should be integrated over all points, x, of the 
emitting source to obtain the correlation function:∫
d4xS(x,k) ∝
∫












Here the spatial integral is performed in cylindrical coordinates, 
sy , sρ , ϕ , where sy , and sρ are scaling variables, sy = y2/Y 2 and 
sρ = (x2 + z2)/R2.
The correlation function was evaluated the same way as in 
Ref. [10]. We should see that the source function explicitly de-
pends on the velocity ﬁeld, vs , which includes both the expansion 
and the rotation of the system.
As the rotation axis is the y-axis, the [x, z] plane is the reaction 
plane. Due to the azimuthal symmetry the radius of the system in 
the [x, z] plane is R .
According to the conventions of two particle correlation func-
tions in Heavy Ion Physics, the z-axis is the beam axis and deter-
mines the LONG direction. In the transverse plane, the x-axis (the Fig. 1. (Color online.) Correlation Function, C(k, q), for the exact hydro model for 
the q = qOUT direction. R = 2.50 fm, R˙ = 0.25 c, Y = 4.00 fm, Y˙ = 0.30 fm, ω =
0.30 c/fm, at t = 0.0 fm/c with k = 5 fm−1. The solid black line is for measuring 
the correlation function at k− = (0.924, 0, −0.383)k, the dashed red line is for k =
(1, 0, 0)k and the dotted blue line is for k+ = (0.924, 0, 0.383)k.
Fig. 2. (Color online.) Correlation Function, C(k, q), for the exact hydro model, for 
the q = qOUT direction. R = 2.50 fm, R˙ = 0.25 c, Y = 4.00 fm, Y˙ = 0.30 fm at t =
0.0 fm/c with k = 5 fm−1. The solid black line is for ω = 0.30 c/fm, the dashed red 
line is for ω = 0.15 c/fm and the dotted blue line is for ω = 0.00 c/fm.
direction of impact parameter) is transverse to the beam direction. 
In this way the OUT direction is the x-direction. The remaining 
y-axis determines the SIDE direction. Due to the azimuthal sym-
metry of our speciﬁc model the results for the LONG and OUT 
directions should be identical.










sρ cos(ϕ) − Rω√sρ sin(ϕ)) , (2)
where ω is the angular velocity, and ϕ is the angle of rotation 
around the y-axis, and counted from the z-axis.
The mean transverse radius is R = √X Z , and we use this value 
when the exact model is studied.
In the practical calculations we use a detectors placed at k+ =
(kx, ky, kz)k = (0.924, 0, 0.383)k, αk = −22.5◦; k = (1, 0, 0)k, αk =
0◦ and k− = (0.924, 0, −0.383)k, αk = 22.5◦ which are orthogonal 
to the rotation axis, y.
3. Results
We calculate the CF for different values of the angular veloc-
ity, ω, to see how it is affected. The CFs are shown in Figs. 1 and 2.
Subsequently the correlation functions are ﬁtted by the az-
imuthal HBT method and parametrization:









S. Velle et al. / Physics Letters B 757 (2016) 501–504 503Fig. 3. (Color online.) Ratio of radius from the ﬁt for the correlation function in 
Figs. 1 and 2 for different directions as a function of ω, the black line is for 
k− = (0.924, 0, −0.383)k, the red line is for k = (1, 0, 0)k, the blue line is for 
k+ = (0.924, 0, 0.383)k, k = 5 fm−1, t = 0 and R0 is the observed radius of the 
system without rotation.
Table 2
The radii R = RO O = RLL , for k = 5 fm−1, at t = 0 and T = 200 MeV for different 













0.00 1.0147 1.0147 1.0147 1.0147 1.0147
0.15 0.9739 0.9917 0.9915 0.9737 0.9739
0.30 0.8003 0.8816 0.8651 0.7893 0.8003
Table 3
The radii R = RO O = RLL , for k = 5 fm−1, at t = 8 fm/c and T = 200 MeV for dif-













0.000 1.3794 1.3794 1.3794 1.3794 1.3794
0.016 1.3886 1.3576 1.4063 1.4369 1.3886
0.020 1.3950 1.3587 1.4231 1.4582 1.3950
0.032 1.4075 1.3616 1.4852 1.5241 1.4075
0.050 1.4171 1.3766 1.6294 1.6270 1.4171
The obtained radius parameters in the directions L and O are 
identical due to the symmetry of the model, thus RO O = RLL . We 
took different k-values.
We can compare the different radius parameters, R2i j , obtained 
by ﬁtting the results of the CF obtained from the rotating and az-
imuthally symmetric system, to the “azimuthal HBT” parametriza-
tion of Eq. (3). The obtained values, R ≡ RO O = RLL , are shown in 
Fig. 3. The radius RSS does not change with the angular velocity.
The CF increases for larger values of ω which corresponds to a 
decrease in the measured radius. The approximate radius decrease 
for ω = 0 to 0.15 c/fm and ω = 0 to 0.30 c/fm is 3–4% and 15% 
respectively.
In Fig. 3 we can see how the measured radius depends on 
the rotation velocity ω at time t = 0 fm/c. For a later times we 
would see a similar effect. Even though ω becomes smaller for 
later times, the expansion velocity and size of the system are both 
inﬂuencing the CF together with the rotation. On the other hand 
there is no effect on the radius parameters if either the rotation or 
expansion is zero [10].
For t = 8 fm/c we have calculated the correlation functions and 
ﬁtted the radii R = RO O = RLL for 5 different values of ω = 0.000,
0.016, 0.020, 0.032, 0.050, in Table 2.
The values show an increase in the radius for larger values of ω, 
except for αk = −22.5◦ at small ω values in Table 3. The values for Fig. 4. (Color online.) Ratio of radius from the ﬁt for the correlation function for 
different directions as a function of ω, the black line is for k− = (0.924, 0, −0.383)k, 
the red line is for k = (1, 0, 0)k, the blue line is for k+ = (0.924, 0, 0.383)k and k =
5 fm−1, t = 8 fm/c and R0 is the observed radius of the system without rotation.
the time t = 0 are shown in Table 2, where the radius decreases 
with increasing ω.
As both the radial velocity, R˙ , and radius R , increase with time 
(longitudinal, Y or Y˙ , have very little effect) the increase of ω will 
eventually go from reducing the measured size to increasing it.
For t = 0 the radial velocity and radius are small and for in-
creasing values of ω we see the size becoming smaller, Fig. 3, but 
for t = 8 fm/c we see the opposite Fig. 4.
So as the ω value becomes smaller for later times (for example 
0.016 c/fm for t = 8 fm/c as compared to 0.15 c/fm for t = 0), the 
change in the measured size will still remain signiﬁcant. For some 
t between 0 and 3 fm/c we should see a smaller change in the 
size, though differential HBT will still show the rotation since αk =
22.5◦ and − 22.5◦ will have different values for non-zero ω.
A higher rotation velocity will decrease the measured size of 
the system, it also decreases more rapidly for larger values of ω
as can be seen from the slope going from ω = 0 to 0.15 c/fm and 
ω = 0.15 to 0.30 c/fm in Fig. 3. Asymmetry in the size is present 
if measured at different directions if the system is rotating. If the 
rotation were reversed the correlation function will also change, 
where the black and blue lines in Figs. 1 and 3 are exchanged.
The detector at k+ = (0.924, 0, 0.383)k shows a smaller mea-
sured radius for the exact hydro model while the radius showed 
at k− = (0.924, 0, −0.383)k is larger. This is also dependent on 
expansion velocity, temperature and size of the system. The ax-
ial size, Y , is not affected by the rotation.
Thus the model results show that rotation signiﬁcantly inﬂu-
ences the HBT evaluation similarly like the expansion, which inﬂu-
ences data signiﬁcantly, e.g. in publications [23–27].
4. Conclusion
Recent experiments [2] indicate increased polarization and thus 
rotation, just as low viscosity [28], which may lead to turbulent 
instabilities and thus increased rotation also. We have shown that 
different values of the angular velocity will change the measured 
“azimuthal HBT” size parameters of the system. It will also cre-
ate smaller and larger values for the correlation function when 
measuring at different directions. That the cylindrically symmet-
ric system is rotating will be observed as an asymmetric object in 
“azimuthal HBT” analysis.
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